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Let feBZ, ie, feL*R) and its Fourier transform F(s)={g f(1)e > dt
vanishes outside of [ —a, o], then the Shannon sampling theorem says that f can
be reconstructed by its infinitely many sampling points at {k/(20)}, k€ Z, ie.,

. - |k i 20t —k
=3 f<26>%mk)), VieR.
k=—w

But, in practice, only finitely many samples are available, so one would like to
study the truncation error

Tyt =ft)— Y f <21i;> sinc(20t — k), VfeB2.
k=—N

The error bounds commonly seen in literature are not uniform. In this paper, the
author gives uniform bounds for the truncation error for f'€ B2, when its Fourier
transform satisfies some smooth conditions.  © 1998 Academic Press

1. INTRODUCTION

The functions f(x) e L*(R) whose Fourier transforms defined by

A(s) :j f(t) e dy

R

vanish outside of finite interval [ —o, o] are called bandlimited. The o is
the bandwidth. It is well known that the functions can be represented by
the so called Shannon’s expansion

2k
fl= 3 f<20>sinc(201—k), (1.1)
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SAMPLING EXPANSIONS 101

where

1 if 1=0

(sinzme)/mt  if t#0° (12)

' 12 .
sinc(?) ::J e ds = {
—12

An important underlying engineering principle here is that all the informa-
tion contained in such a bandlimited signal can be recovered from its equi-
distant samples. The sampling rate 2¢ is known as the Nyquist rate.

Shannon’s expansion requires us to know the exact values of f at
infinitely many points and to sum an infinite series. In practice, only finitely
many samples are available so we would like to develop bounds on the size
of the truncation error

Ta(t) :=f(t) — z f< >sinc(20t—k) (1.3)

k=—N

associated with (1.1). The error bounds commonly seen in the literature,
e.g, [1,3,6,8,9, 12, 13], are not uniform. In this paper we will establish
uniform bounds for 7(¢) as given in (1.3).

The sinc(¢) function (1.2) that appears in (1.1), (1.3) oscillates and
decays like 1/t at +oo. Our error estimates make use of a number of spe-
cialized bounds for sums of samples of sinc functions as well as other func-
tions having similar properties. For organizational purposes we present all
of these technical results in Section 2.

In Section 3, we describe previously published bounds on 7 ,(#) and then
show that

¢,

|TN( )| N,+1/2

C,In N
Ty <=
when

. A
|f(l)|<W, t#0.

Here C, and C, are constants that depend on f and the parameters r > 0,
A>0. We also show that

|TN(r)|<<1+Z>{’f<;jv>’+‘f<2z>‘}
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in the case where f is monotone on (—oo, —N] and [N, o). Using this
bound we estimate the error that results when we approximate some
feL'(R) by the sinc polynomial

N (kN .
k:z‘iNf <2o> sinc(20t — k).

2. BOUNDS FOR SERIES OF SINC FUNCTIONS

In this section we establish bounds for various series of sinc functions.
The proofs are technical. To simplify notation we set 26 = 1 and work with
sinc(t—k), k=0, +1, +2, ---.

LEMMA 2.1. For oo <t < o0,

i sinc(t—k)=1, (2.1)
k=—w

i sinc*(1 —k)=1. (2.2)

k= —o0

Proof. Let teR be fixed. The Fourier series of ™ as a function of s
on [ —4, 1] is given by

eZnist — Z cr eZnisk’ (23)

k= —o0

where

1/2 i i
Ck:j e nl:t€7 nisk dS
—1/2

12 )
:J est(tfk) dS
—12

=sinc(t — k).

We obtain (2.1) by setting s =0 in (2.3). We obtain (2.2) from (2.3) by
using Parseval’s identity. ||

LEMMA 2.2. Let N> M be integers and let —oo <t < c0. Then

N n
Y sinc(t—k)‘<+1.
k=M 2
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Proof.

N
Y sine(t— Z f e™sU =5 dg
k=M

k=Mm"—1/2
12 N , .
_J‘ 727nsk' e27zm dS
1/2 k= M
—2misM —2mis(N+1)
zfl/z € —e _ . eZnisr dS
ip 1 _ 8727[13‘
1/2 ms(Z! 2M+1) m?s(Zl —2N—1)
- f m'\‘ — Tis dS
2 s o
_JW sin 7s(2¢t —2M + 1) + sin zs( — 2t+2N+1)
B 12 2sin 7ts
= I(a) + I(p),
where a=2t—2M +1, = —2t+2N+1, and
Jl/z sin(ous) JVZ sin(ars)
21l 52 sin(zs) sin(7s)
with a similar expression for I( f3).
Using the inequality
2 ) 7
—t<sint <t when 0<r<-,
T 2
we see that then 0 <a <1, we have
12 gin azs 12 o T
I< | S ds< | T as<T
o sin7zms 0o 25 4

When a > 1, we compute

o _jl/z M =1(a)+ Ix(a),

oy sin(zs)
where
12¢ gin(os) 120 s or 1 =
I = —_— —ds=— —=—
1) L sin(7s) L 2s s 2 20 4



104 XIN MIN LI

is necessarily nonnegative, and

ds.

To bound 7,(a) we first write

1/2 1
12(0() _ J‘ : d _COS ATTS
1/2a SlIl(T[S) o

1 cos azs\ |2
~ sin(zs) oan

_ cosan(1/2) jl/z cos(ams) cos 7S

JW cos(ams) mcos s
1

1/2a

on 1Y P (sin 7s)?

and thereby find

1 12 1 1
I <— -
| 2(“)' O(7T+~[|/23(0( (SII‘ITES)2 5
1 121 1
<— - ——d.
ocn+ e & (25)? s
1 1
=—+4+—(20—2)
an 4o
bt 1
a2 2o 2"

Upon combining these results we see that

)| = 1| <{

(m/4) when || <1
(n/4)+(1/2)  when |af>1

It follows that

Y sinc(r—k>’<|1(oc>|+|1<ﬁ>|<’2T+1. 1

k=M

Note. When t# +1, +£2, ... the sums

N N
Y [sinc(t—k)| = [sinzs] )]
k=M x v Ttk

are not bounded.

e am  (sin 7s)?
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LemMA 2.3. If r>1, then

1 1 1 1 1

: <Y —<— 24
r—1 (N+1)! k:%ﬂ k" “r—1 N1 (24)
LEMMA 24. For —o0<t< oo
& if g=2
[_k ‘1< . .5
L lsinclt =) {2+<2/n)+<2/n>-<1/q—1> i 1<g<2 *)

Proof. When g =2 we use (2.2) and write

> sinc(r—k)|? < Z |sinc(t—k)|2=1.

k=—w
When 1 < ¢ <2 we use the periodicity of the sum and (2.4) to write

i |sinc(t — k)|?

k= —cw

< sup )Y |[sinc(r—k)|?

< sup <|sinc(t)|‘1+|sinc(t—1)|‘1+ Y

o<t<1 k0,1

|sin n(t—k)|">

|t —k|?

1

<2+ sup Z m

0<r<1 k0,1

1 i 1 o 1
n0<121 <k§:2 (k_t)q k:;w (t_k)q
c2il(aia s 1)
h T k=2 k?
1

2 2
<24+=4+=—— 1
n nwq—1

The following result can be used to provide us with examples of
bandlimited functions.
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TaeOREM 2.5 (C. Eoft. [7]). Let..,c_,,¢c_4,Cqy, Cy» Ca, ... be a sequence
of complex constants and let 6 >0. If Y77 |c|* < oo, then the series

Y ¢ sinc(20t —k)

k=—o

converges uniformly and absolutely on R to a function in BZ.

3. UNIFORM BOUNDS FOR THE TRUNCATION ERROR

We develop various uniform bounds on the symmetric truncation error

Ty(t):=f(t)— ¥ f<2];>sinc(2m—k).

k=—N
The error bounds commonly seen in the literature ( e.g., [1, 3, 6, 8, 9,
12, 13]) are not uniform. Three such results are given below.

THEOREM 3.1. (K. Yao and J. B. Thomas [12]). Let 0<Ai<1, let
feB:,, and let

M :=sup | f(1)].
telR
Then
M sec (Am/2) . < 1 1 )
T(1)] S =~ |sin 2zo| -
ITx(2)] w12 N 2o+ 172]

for |20t| <N —1.

This bound depends on ¢ as well as the band reduction parameter 4 with
the factor sec(An/2) being unbounded as 4 — 1 —.

THEOREM 3.2 (H. S. Piper, Jr. [9]). Let 0<i<1, let fe B3, and let

E:=f LF(0)]2 dt.
Then

IT(0] <53 {E tan(in/2)} (1 + /2)

. 1 1
- |sin 2not| <N+ [ E (2] +N_[[+(1/2)]>

1
for |t|<N—3.
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Again the bound depends on ¢ and the band reduction parameter 4 with
the factor tan(Az/2) being unbounded as A —> 1 —.

TaeOREM 3.3 (P. L. Butzer, W. Engels, and U. Scheben [3]). Let
6>0,r=1,2,.. and Fe C"~YR) with F(s) =0 for |s| > o. Assume further
that FU=Y is absolutely continuous, that F\" is of bounded variation, and
that F')(s) is continuous at the points s= +o. Then the truncation error
associated with the o-bandlimited function*®

S =[" Fs) e ds
is bounded by

N
for |t <—.
20

2 r+1 V
|TN(I)|<-<G> -— . |sin 27ot| -
n\7 r+1

1
(N —2a]t]) !
Here V, is the variation of F\" on [ —0o,0].

An integration-by-parts argument in [3] shows that the hypotheses of
Theorem 3.3 imply that

A
|f(l)|<W when t;éO, (31)

We will use (3.1) as the decay condition that we impose upon f to derive
our uniform bounds. (A bound of the form

k C
= < ) k:i_lz i‘2,
‘f<2a>’ T

is all that is needed in our proof.)

THEOREM 3.4. Let f'e€ B2 satisfy a decay condition of the form

A
|(”|<W t#0

for some choice of A >0 and r >0, then

2 1
2r+1 N'HI2

o1 23/2¢ (m+InN)
: T ’ Nr+1

1Ty <A4-(20)""

VieR, NeN, (3.2)

|Tn(2)] <4 -(20) VieR, N>8. (3.3)
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Proof. Using Cauchy’s inequality, (2.2), the decay hypothesis, and
Lemma 2.3 in turn we write

| Tn(1)| =

> f< >s1nc(2at—k)’
k=N

< > 2>”2.<|klz>Nsinc2(2az—k)>]/2
G))

0 1 1/2
<A-(20’)r+1<2 Z ]{2r+2>

(2
(2,

k=N+1
2 1 1/2
SA 2 r+1 -
(20) <2r+1 N2’+1>
2 1
=A4-.(2 r+1 P
NG v

This is (3.2). We next show this error bound can be improved from
O(1/(N™+172))) to O(In N/N"+1).

We will use the decay hypothesis and Holder inequality together with
Lemmas 2.3, 24. Let I1<g<2 and 2<p<oo be chosen so that
1/p+1/q=1. Then

Y f<2 >smc 201—1{)‘

|k| >N
e\ |2\ 1/q
< <2> ) < |sinc(20!—k)|‘7>
Il > N g k>N
1/p 2 2 1 1/q
orfa 5 ) (2e24E )
k=N+1 n nq—l

e 2 2 1\
r+1 ( yr— . 2+ + - —
r+p—1 ‘N » n ng—1

1 202 1\
L(20)"+! 1 L
9) (pr+p—1> NV < A q—1>

InN
nN-—1

N

Now we set

p=InN, 4=
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(and assume N >e?=7.389... to ensure that p>2). Then

—_— <

<pr+p—1> V2

Nl/q Nl—(l/lnN E
e;

and

2 2 1 1/q 2 1—(1/InN) 2
<2_|_ +Z > =<2+lnN> <= (r+InN).
n wqg—1 n Vs

Upon combining these estimates we find

o 2fe (t+InN)

T Nr+1

|Ty(1)| <4 - (20 1

A slightly sharper error bound can obtained when the sampled data has
monotone tails.

THEOREM 3.5. Let ..,c_5,c_4,Cy, Cq, Cs, ... be a sequence of nonnegative
real numbers such that

oo}

Z |Ck|2<00,

k=—w

and such that for some positive integer M,

CuZCpyi1 ZCria2=

C MZC 1 ZC pyp 22 .

Then
f(t):= > ¢ sinc(20t —k)
k= —o0
defines a function in B2 and the corresponding truncation error is bounded by

|TN(0)] = Z cksmc(ZJZ—k)’

k| >N

<(cN+1+c_N_]).<§+1> for N=M.
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Proof. The above bound is obtained by using Lemma 2.2 to show that
the partial sums

N’ N’
Y. sinc(201 —k) Y. sinc(20t+ k)
k=N k=N
of the truncation error are uniformly bounded and then applying the

following lemma of Abel. ||

LemmA 3.6 (Abel). Let a,=2a,> --- Z2ay>=0 and assume that the
partial sums

Sm:z Z bk
k=1
of the numbers b, ..., by are uniformly bounded, i.e., |S,,| <A for | <m<N.
Then
N
Y achi|<a,A.
k=1

ExampPLE. By Theorem 2.5, the series

sinc(20t — k),

f(t)=>§

k=—w

1 +k?

f(H) = i e " sinc(20t — k),

k=—w

St = i

k= —w

1
1 sinc(20t — k)

define functions in B2 with the corresponding truncation error being
bounded by

2+r
TV <——==
Tl 2)] N2>+2N+2

TV <(2+m) e,
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A function f'is said to be almost bandlimited if the Fourier transform F
is not compactly supported but rather has small tails. Finding a bound for
the error when an almost bandlimited function is approximated by the
sampling expansion is a very practical issue, since the functions encoun-
tered in applications of the sampling theory are not always exactly
bandlimited. An important bound was given by J. L. Brown, Jr. [2 or 13].
We will present his result and use it to estimate the error when the function
is approximated with only finitely many samples.

TaEOREM 3.7 (J. L. Brown, Jr. [2]). Let the function f- R — C have the
representation

f(0)= F(s) e ds,

R

where Fe L'(R), and let o >0 be given. Then the series

f0)= lim Y f’(z’;)sinc(zgz_k)

N—->ow , =
ke

converges pointwise on R and
O=fol<2] 1Fe) ds

When Fe L'(R) is suitably regular, we can pick some ¢ >0 to ensure
that the aliasing error

A(,:=2f |F(s)| ds (3.4)
[s| >0

is small. The complete sampling expansion

> k
fot):= ) f<20>sinc(20t—k)

will then provide a good approximation to f(¢). But in real world situa-
tions, only finitely many samples are available. For this reason we also
need a bound on the truncation error

k
Th(t):= | — | sinc(2at — k). 3.5
(1) VENI <2a> sin¢(201 — k) (3.5)

In this case, however, the samples { f(k/2¢)} may not have the nice proper-
ties (e.g., the square summability) possessed by samples of a bandlimited
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function. The Riemann-Lebesgue lemma, insures that if Fe L'(R), then
f(k/26) >0, as k— +oo; the rate of this convergence, however, is
unknown.

When only finitely many samples are used to approximate f, it is
reasonable to assume that the remaining samples are small in some collec-
tive sense. We will use Theorem 3.7, (3.4) and (3.5), to write

‘f(,)_ i f<2k>sinc(2at—k)‘SITN(Z)|+Aa
k=—N o

and use arguments analogous to these given above to provide bounds for
(3.5) in three situations.

(1) If > |f(k/20)| converges, then
INGIEDY

)

(i) Y7 |f(k/20)|* converges, then
2)1/2

(a0

(iii) If {f(k/20)} is monotone for k> M/2¢ and for k< — M/20,

then
rans( G o) o e

ExampLE. If
fln=e,  Fs)=e ™,

|TN<z>|<< ¥

k| >N

then

2

o 4
e*’”zdt<4f e "dt=—e" " for >0,

|s| >0 a no

|A(,|=2j

and (since the tails are monotone)

ITy(D)|<(m+2)e ™  for N=1,2...

ExampLE. If

F(s) = me =271,
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then

o0
ne’z”"‘dt<47rj e 2 dt=2e "™ for ¢>0,

|s| >0 a

4, =2[

and (since the tails are monotone)

an

2+7
|TN(Z)|<N27—|—1 for N=1,2,.... I
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